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Abstract 


In this note, we present a proof of Smarandache’s cevian trian- 
gle hyperbolic theorem in the Einstein relativistic velocity model 


of hyperbolic geometry. 
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1. Introduction 

Hyperbolic geometry appeared in the first half of the 19" century 
as an attempt to understand Euclid’s axiomatic basis for geometry. It is 
also known as a type of non-Euclidean geometry, being in many respects 
similar to Euclidean geometry. Hyperbolic geometry includes such con- 
cepts as: distance, angle and both of them have many theorems in com- 
mon.There are known many main models for hyperbolic geometry, such 
as: Poincaré disc model, Poincaré half-plane, Klein model, Einstein rela- 
tivistic velocity model, etc. The hyperbolic geometry is a non-Euclidian 
geometry. Here, in this study, we present a proof of Smarandache’s cevian 
triangle hyperbolic theorem in the Einstein relativistic velocity model of 
hyperbolic geometry. Smarandache’s cevian triangle theorem states that 


if A,B,C, is the cevian triangle of point P with respect to the triangle 


PA PB PC. _ _AB-BC-CA 
ABC, then pa, PB, Por = HBR LI: 


Let D denote the complex unit disc in complex z - plane, i.e. 
D={zeEC: |z| < 1}. 
The most general Mobius transformation of D is 


io 20 + 2 io 
e- —— =e (% 02), 
1+ 2%z (20 ) 


which induces the Mobius addition © in D, allowing the Mobius trans- 


formation of the disc to be viewed as a Mobius left gyrotranslation 


Zo + Zz 
Zz 2% OZ = —— 
1+ 2%z 


followed by a rotation. Here @ € R is a real number, z, 2) € D, and Z% is 


the complex conjugate of z). Let Aut(D,®) be the automorphism group 
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of the grupoid (D, ®). If we define 


ee 
gyr: Dx D—= Aut(D, 8), gyr[a, b] = Oe = a 


then is true gyrocommutative law 


a® b= gyr|a, (6 a). 


A gyrovector space (G, ®, ®) is a gyrocommutative gyrogroup (G, @) 


that obeys the following axioms: 


(1) gyr|u, vja- gyr{u, v]/b = a-b for all points a,b, u,v €G. 


(2) G admits a scalar multiplication, ®, possessing the following prop- 


erties. For all real numbers 7,71, 72 € R and all points a €G: 


(G1) 1@a=a 

(G2) (r1 +172) @a=7r1 @aPrg@a 
(G3) (rTir2) @ a=, @ (r2 @a) 
(C4) Fesat = Tal 
(G5) gyr|u, v|(r @ a) =r @ gyr[u, vja 

(G6) gyr{r1 @ v, 71 ® v] =1 

(3) Real vector space structure (||G|| ,@,®) for the set ||G|| of oned- 


imensional ” vectors” 


|G] = {+ llal|:aeG} CR 


with vector addition © and scalar multiplication ®, such that for all 


re 


Randa,be G, 
(G7) ||r @ all = |r| ® all 
(G8) |la& bl] < |lal| @ [|b] 


Theorem 1 (The Hyperbolic Theorem of Ceva in Einstein Gy- 
rovector Space) Let a,,a2, and a3 be three non-gyrocollinear points 
in an Einstein gyrovector space (V;,®@,®). Furthermore, let ajo3 be a 
point in their gyroplane, which is off the gyrolines ajag,aja3, and agay,. 
If ayajo3 meets agaz at a3, etc., then 


Yoa1@ar, [Oar B Ar2l| Yoar@ar, |Oae B a23|| Yoasoa,, ||Oas & ars _ 
Yea2@a12 | Gay se ay) Yeas@a03 [Cag N, a3 || Yoai@ai3 |Gay VY ays|| 


1, 


1 


1_ lvl? 
s 


(here y, = 


is the gamma factor). 


(see [2, pp 461]) 


Theorem 2 (The Hyperbolic Theorem of Menelaus in Einstein 
Gyrovector Space) Let a,, a2, and a3 be three non-gyrocollinear points 
in an Einstein gyrovector space (V;,®,®). If a gyroline meets the sides 
of gyrotriangle ajaga3 at points ayz, a3, ao3, then 


Yea Gar. ||Sa1 B Atal] Yoar@ars ||Ga2 B aral| Ycageai [OAs O ais|| _ 


="). 
Yea2@a12 || Sas We a12]| Yeag@a03 ||Gaz D a23|| Yoai@ai3 |Oay D ays|| 


(see [2, pp 463)) 
For further details we refer to the recent book of A.Ungar [2]. 


2. Main result 
In this section, we present a proof of Smarandache’s cevian triangle 


hyperbolic theorem in the Einstein relativistic velocity model of hyper- 


bolic geometry. 


Theorem 3 /f A,B,C; is the cevian gyrotriangle of gyropoint P with 
respect to the gyrotriangle ABC, then 


Vi pailPAl 1 pp |PBI Yi po||PC| _ Vapi lABl Vipc|BCl* VicalCAl 


VipaylPAil Vipe,jIPBil 7p, \|PC1 Vian, IABil © Vipey|BC1l ” Vyoa,1C Ail 


Proof. If we use a theorem 2 in the gyrotriangle ABC (see Figure), we 
have 

(1) Vac, ||4C1| ; Vi pa, \|BAal : View, ||CBil = Vi ap, ||4B1! : Vigo, \|BC1| : Viea, ICA 
If we use a theorem 1 in the gyrotriangle AA, B, cut by the gyroline CC), 
we get 

(2) Vac IAC” Veo |BCl” Via, pl4iP] = Vapi lAPl* Y)a,c)l41Cl * Vi ec,)|BCr- 
If we use a theorem 1 in the gyrotriangle BB,C, cut by the gyroline AA, 
we get 

(3) Vipa,||BAil ” ica lCAl” V\8,p)|B1P| ~ Vee BP Vp, 4)|B1 Al” Vica, ICAI 
If we use a theorem 1 in the gyrotriangle CC,A, cut by the gyroline BB,, 
we get 

(4) View, \|CBal "Yap lABl Vie, pilCiP | = VeplCP| ” Vie, BIC BI : Yhap, ||ABil" 


We divide each relation (2), (3), and (4) by relation (1), and we obtain 
Y\pai|PAl Yio |BC| Va, ai|B Al 


(5) ae 


2 
Yi pa,||PA1l Vipa,||BAil Y\B,c||BiCl 


ViewlPBL VeallCAl_ Vic ailCiBI 


’ 
Y\pp,\|P Bil New ICBil Vio, a)|C1Al 
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(7) VipoilPCL __ViawlABl | VaycilArC| 


Vi po, IPC! Vac, |AC1| Ve staal 
Multiplying (5) by (6) and by (7), we have 


Y pal|PAl 1 pai lPBI Y pc |PCl 


Vi pa,\|PAt| Y\ pp, \|PBi| Vi po, \|PC4| 


(8) Vian|ABl* V\pci|BC]* Vicai|CAl Vip, 4 |B Al” Vicy alOrBl ” Vya,cil41Cl 
Via BlArBl Vip c|BiCl” No alCvAl V4, 8/41 Bl 7 )p,c)1/B1Cl ” Ve, alCrAl 


From the relation (1) we have 


(9) Vip, 4 |B Al” Vicy a lOrBl ” Va, i141 Cl i; 


Y\ 4,8) /A1 BI : Yip, c\|BiCl : Vie alIlCiAl 
sO 


VipalPAl  VipslPBI VipqlPC|  VyawilABl” Vec|BCI” VeailCAl 


Vira IPA Vipa,|PBil 7 1pc,|P C1 Yhap, ||4Bil © Vee, |BCil ” Vca,1CArl 
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